Introduction
We consider the problem of enumerating paths of the type shown in Figure 1 . A wave leaves A and arrives at B along a path that is straight line except perhaps at the intersection with horizontal lines where the wave may be reflected. The layers between lines represent homogeneous media through which the wave travels in a straight line only. At the boundary between layers, a wave is either reflected or transmitted. This models, for example, sound in sea water and electromagnetic waves in soil associated with power transmission, LaGrace et al. [6] . Figure 1 shows that points A and B are embedded between two layers, in which case a path may cross the AB line some number of times. A similar problem exists in the reflection of light by adjacent panes of glass.
FIGURE 1. The path problem
It is known that the number of paths P n with n reflections in two panes of glass forms a Fibonacci sequence [9, pp. 162-63, 3] . Extensions of this, including more panes and the addition of a mirror, have also been considered [2, 4, 5, 10] .
Let there be mi > 0 layers above the AB line and m^ ^ 0 below. Any path from A to B consists of an even number In of traverses across layers. We seek Nm lt m 2 ( n ) ' t n e number of paths from A to B consisting of In traverses.
Special Cases
There are interesting special cases. The two layer model, mi = 0 and m 2 ~ 2 has been considered in electromagnetic wave propagation in soil, LaGrace et al. [7] . When mi, m 2 ^ ft, the path problem is equivalent to the following.
Consider a city neighborhood that consists of n by n square blocks. How many different paths of minimum length are there from the northwest corner to the southeast corner?
View a path as an ordered sequence of In letters, n E's and n S's. The path is determined as follows. Starting from the leftmost letter, consider each letter as a specification of whether to go east or south at the current intersection. At the end of the sequence, a traveler will have gone n blocks east and n blocks south. Since there is a one-to-one correspondence between paths and sequences, the number of paths is the number of ways to choose where in the sequence the S ? s should go, or
ON THE NUMBER OF PROPAGATION PATHS IN MULTILAYER MEDIA (see [8] ):
How many monotonic mappings of {1, ..., ft} into itself satisfy the condition f(x) < x for every 1 < x < ft?
A monotonic mapping can be represented as dots on a grid, as shown in Figure  2a . A path lying entirely on grid lines is drawn through the dots, beginning at (1, 1), point A, and ending at (ft + 1, ft
is part of the path. If f(x) < f(x + 1) , the subpaths (x, f(x))+ (x + 1, f(x)) and (x + 1, f(x)) + (x + 1, f(x + 1)) are part of the path. Also, subpaths (ft, f{n))+ (ft + 1, /(ft)) and (ft + 1, /(ft)) -* ((ft + 1), (ft + 1)) are part of the path. 
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which is a Catalan number. From this, it follows that the total number of paths from A to B of 2ft traverses is reduced by 1/(1 + ft) when no path is allowed to cross the AB line. Consider now a more general case. Table 1 shows the generating functions F m (x) for 1 < m < 5. Also shown is the corresponding power series expansion.
Let F m (x) be the generating function for the number of paths when there are arbitrarily many layers below the AB line. An expression for F m (x) can be obtained by substituting F m (x) for F m (x) and F m _i (x) in (1). This yields an expression that is quadratic in F m (x), which can be solved to produce the expression shown in Table 1 .
We can find closed form expressions for the approximate number of paths by a manipulation of the generating function. We illustrate using F$(x).
Let a n ~ b n mean lim -r 1 = 1. Then, we can write, n -> 00 Dn To find an approximation of a form similar to those given earlier for 1 /2rc\
we can represent ( 2^) in factorials and use Stirling's approximation. Alternatively, we can apply Theorem 5 of Bender [1] to the generating function for N m (n).
In either case, we obtain Table 2 shows the values of the number of paths of In traverses, where there are m layers. These entries were obtained by a program to solve for the coefficients of the various generating functions F m (x) using a symbolic mathematical manipulation package, 
(x)) c o u n t s p a t h s from A t o B w i t h a t l e a s t one i n t e r s e c t i o n w i t h t h e AB l i n e . xF mi -I,Q(
X ) a n d xF o i m z -lM count p a t h s t h a t a r e e n t i r e l y above and below t h e AB l i n e , r e s p e c t i v e l y . +2x r e p r e s e n t s t h e i ni t i a l c o n d i t i o n N mi , m 2 (1) = 2 when m\, m 2 ^ 1.
Solving (2) Table 3 shows the generating functions for F m> m (x) for 1 < m < 5 and °°, and Table 4 shows the number of paths N> n , > n (n) when there are layers above and below the AB line. These show clearly the significantly larger number of paths which exist when they are allowed to cross the AB line. 
